It is known that Hirzebruch surfaces of non zero degree do not admit any constant scalar curvature Kähler metric [6, 22, 38] . In this note, we describe how to construct Hermitian metrics of positive constant Chern scalar curvature on Hirzebruch surfaces using Page-Bérard-Bergery's ansatz [41, 14] . We also construct the interesting case of Hermitian metrics of zero Chern scalar curvature on some ruled surfaces. Furthermore, we discuss the problem of the existence in a conformal class of critical metrics of the total Chern scalar curvature, studied by Gauduchon in [26, 27] .
in [33, 18, 30] . However, the problem remains widely open when the fundamental constant C(J, [g]) is positive. We remark that for complex surfaces C(J, [g]) being positive implies that the complex surface has to be of negative Kodaira dimension by vanishing theorems of Gauduchon [24] .
The m-Hirzebruch surfaces M m = P (O CP 1 ⊕ O CP 1 (m)) −→ CP 1 are of negative Kodaira dimension and Kähler (here CP 1 is the complex projective space of complex dimension 1 and m ≥ 0 is an integer), however it is known that M m does not admit any constant scalar curvature Kähler metric when m > 0 [6, 22, 38] .
After the preliminaries in Section 2, we describe in Section 3 how to construct on the Hirzebruch surfaces M m (with m > 0) Hermitian metrics of positive constant Chern scalar curvature using a well-known ansatz due to Page [41] and generalized by Bérard-Bergery [14] by considering the U (2)-invariant metrics of the form
where t is a coordinate transverse to the U (2)-orbits, and e 1 , e 2 , e 3 are the invariant 1-forms on S 3 dual to the vectors X, Y, V respectively, and h(t) and f (t) are positive functions satisfying certain boundary conditions. We obtain then the following Theorem 1. There exists on the m-Hirzebruch surface (with m > 0) conformally Kähler metrics of positive constant Chern scalar curvature of the form (1) .
From the Chern connection, one can also derive the third scalar curvature s (see Definition 2 or for instance [27] ). On a closed Hermitian manifold of real dimension 2n = 4, s and s C coincide if and only the metric is Kähler [27] . Also note that the conformal changes of s C and s are similar [27] . It is then interesting to construct Hermitian metrics of positive constant third scalar curvature. We succeed to construct conformally Kähler metrics of positive constant third scalar scalar curvature of the form (1) on the 1-Hirzebruch surface (see Theorem 7) . In Section 4, we use the generalized Calabi construction [4, 5, 6] on minimal ruled surfaces to construct metrics of zero Chern scalar curvature on some of these surfaces (see Proposition 8) . Finally, in Section 5, we discuss the existence in a conformal class of the critical metrics of the total Chern scalar curvature studied by Gauduchon in [26, 27] .
Preliminaries
Let (M, J, g) be an almost-Hermitian manifold of real dimension 2n. Hence, J : T (M ) −→ T (M ) is an almost-complex structure i.e. J 2 = −Id| T (M ) and g is a Riemannian metric compatible with the almost-complex structure J i.e. g(J·, J·) = g(·, ·). The pair (J, g) induces a 2-form F (·, ·) := g(J·, ·). The 2-form F is called the fundamental form and it is not necessarily closed. In fact,
where d is the exterior derivative, (dF ) 0 is the primitive part and θ is 1-form called the Lee form. The metric g is called Gauduchon if δ g θ = 0, where δ g is the codifferential defined as the adjoint of d. It turns out that the conformal class of any almost-Hermitian metric g contains a unique (up to a constant) Gauduchon metric [24] . Now, the almost-Hermitian structure (J, g) is called Hermitian if J is integrable that is equivalent to the vanishing of the Nijenhuis tensor N [39] defined as
A Hermitian structure (J, g) is Kähler if the induced fundamental form if closed i.e. dF = 0.
On an almost-Hermitian manifold (M, J, g), the almost-complex J is parallel with respect to the Levi-Civita connection D g if and only if g is Kähler. It is natural then to consider the Chern connection ∇ [35, 36, 28] defined as the unique connection satisfying ∇J = ∇g = 0 and T ∇ JX,
, for any vector fields X, Y. Moreover, The (0, 1)-part of the Chern connection, with respect to J, corresponds to the canonical Cauchy-Riemann operator defined on the tangent bundle T (M ) [28] . ] be the curvature of the Chern connection ∇. Then, the real 2-form ρ ∇ (X, Y ) = −Λg R ∇ X,Y ·, · is called the first (or Hermitian) Ricci form. Here, Λ stands for the contraction by the fundamental form F induced by (J, g). The first Ricci form ρ ∇ is a representative of the first Chern class 2πc 1 
On the other hand, one can also define the second Ricci form r by r(X, Y ) = −Λg (R ·,· X, Y ) (see for instance [27] ). Definition 2. The Chern scalar curvature s C and the third scalar curvature s are defined by
where {e 1 , · · · , e 2n } is a local g-orthonormal basis of T (M ) such that e i+n = Je i .
On a closed almost-Hermitian manifold, the Chern scalar curvature s C , the third scalar curvature s and the Riemannian scalar curvature s g (with respect to the Levi-Civita connection D g ) do not coincide in general (see [27, 37, 34] ). However, if g is Kähler then s C = s = 1 2 s g .
The Chern and the third scalar curvatures on the m-Hirzebruch surfaces
We consider the U (2)-invariant metric
where t is a coordinate transverse to the U (2)-orbits, and e 1 [43] or * -Einstein metrics in [8] (see also [32] ) or constant Riemannian scalar curvature metrics in [40] .
On the m-Hirzebruch surface, h(t) and f (t) are positive functions on the interval (0, l) and satisfy the following boundary conditions:
In particular, on CP 2 #CP 2 , we have m = 1.
Let us consider the g-orthonormal basis
} of the tangent bundle and its dual {σ 1 = he 1 , σ 2 = he 2 , σ 3 = f e 3 , σ 4 = dt} as a basis of the cotangent bundle. A direct computation shows that:
We consider then the integrable almost-complex J given by
Then J is compatible with the metric g inducing the fundamental form
We compute then dF = d(h 2 e 1 ∧ e 2 + f e 3 ∧ dt), = 2hh dt ∧ e 1 ∧ e 2 + 2f e 2 ∧ e 1 ∧ dt,
The metric g is then locally conformally Kähler. Indeed, the Lee form θ of (J, g) is closed and it is given by
In particular, g is Kähler if and only if
3.1. Chern curvature computations. We denote by ∇ the Chern connection of the Hermitian structure (J, g). We would like to compute the curvature R ∇ of the Chern connection. We recall the following formula ([22, Proposition 9.3.2]) of the Chern connection ∇: for any vector fields X, Y, Z, we have
For the Hermitian structure (J, g) given by (5) and (2), we get
For the derivative with respect to the brackets, we have
To get the corresponding tables of E 2 and E 4 , we can deduce them easily using the fact that ∇J = 0. Now, we compute the first (or the Hermitian) Ricci form ρ ∇ given by
Then
Hence,
Moreover, we can easily check that dρ ∇ = 0. In particular,
Remark that the equation ρ ∇ = λω (where λ is a constant) implies that g is Kähler.
In particular, we can not solve ρ ∇ = λω on the m-Hirzebruch surface.
Remark 3. The second Ricci form is defined as follows
We obtain that
In [25] , Gauduchon introduced Einstein-Hermitian metrics which are by definition solutions to the equation r = u ω (for some function u). It turns out that, in complex dimension 2, non-Kähler Einstein-Hermitian metrics only exist on a Hopf surface [29] (see also [21, 2] for more details).
From the above computations, it follows that:
Theorem 4. The Chern scalar curvature s C of (J, g) is given by
Theorem 5. The third scalar curvature s of (J, g) is given by
Remark 6. The Riemannian scalar curvature s g of the metric g is given by (see for example [14, 16] )
3.2.
Construction of Hermitian metrics of constant Chern scalar curvautre. We would like now to construct constant Chern scalar curvature metrics on the m-Hirzebruch surface.
The solution is given by
for some constants c 1 and c 2 .
Denote by φ(0) = φ 0 > 0 and φ(l) = φ 1 > 0. To satisfy the boundary conditions (3) we need then a solution such that y(φ 0 ) = y(φ 1 ) = 0 and y
We claim that for any positive integer m, there exists φ 0 > φ 1 > 0 such that (11) is satisfied. Indeed, define x = φ0 φ1 , then Equation (11) is equivalent to
Remark that P (1) = −5m. Since P (x) is a polynomial of even degree and m > 0 there exists a solution of P (x) = 0 such that x > 1. Thus for any positive integer m there exists a solution φ 0 > φ 1 > 0 of (11) . Therefore the function φ is positive and decreasing on the interval (0, l). Furthermore, we can verify that the function y(φ) is positive on the interval
We can then define the function t(φ) to be (12) t The functions f and h are then solutions to the problem. We remark that in the case of a solution we have
and since φ 0 > φ 1 > 0, the constant λ has to be positive. Moreover, from (6) the Lee form is
Hence, the metric is conformally Kähler. We deduce then Theorem 1.
3.3.
Construction of Hermitian metrics of constant third scalar curvature. Now, we would like to construct constant third scalar curvature metrics on the m-Hirzebruch surface of the form (2) . Unfortunately, we only succeed in the case m = 1 i.e. on CP 2 #CP 2 .
Suppose that f = 1 4 φ and h = √ φ for some function positive and increasing function φ (so f = 1 2 hh ). From Theorem 5, it follows that we have to solve
for some constant λ.
We introduce again the function y(φ) defined by φ = y(φ), then φ = 1 2 y (φ) and φ = 1 2 y (φ)φ (here y (φ), y (φ) are derivatives with respect to φ). Then the equation becomes
Then the solution is given by
for some constants c 1 and c 2 . Denote by φ(0) = φ 0 > 0 and φ(l) = φ 1 > 0. We need then a solution such that y(φ 0 ) = y(φ 1 ) = 0 and y (φ 0 ) = 8m and y (φ 1 ) = −8m. Then, 0 . So when m = 1, there exists a solution φ 1 > φ 0 > 0 of (13) making φ a positive and an increasing function on the interval (0, l).
Moreover, we can easily verify that the function y(φ) is also positive on the interval (φ 0 , φ 1 ). We can then define the function t(φ) to be (14) t
with φ ∈ (φ 0 , φ 1 ). We take then the function φ(t) to be the inverse function of t(φ)
defined on the open interval (0, a) where a = lim φ→φ1 t(φ).
Then, the functions f and h are solutions to the problem. We remark that the constant λ ≈ 1.11 φ0 is positive and that the Lee form is θ = d(ln(h)) and so (J, g) is conformally Kähler and so we deduce the following Theorem 7. There exists on the 1-Hirzebruch surface conformally Kähler metrics of positive constant third scalar scalar curvature of the form (2).
Conformally Kähler Metrics on ruled surfaces with zero Chern scalar curvature
In this section we first recall the well-known construction of admissible Kähler metrics on minimal ruled surfaces [4, 5, 6] . Then, by an appropriate conformal rescaling, we will show existence of metrics of zero Chern scalar curvature on some of these surfaces. 
where θ is a connection 1-form for a Hermitian metric with curvature dθ = ω Σ . The boundary conditions for g to be completed to a smooth metric on the entire
This metric turns out to be Kähler with respect to the complex structure J given by the pullback from the base together with the assumption Jdz = F (z) 1+xz θ. The Kähler class can easily be computed as [ω] = 4πE 0 + 2π(1−x)m x C where E 0 and C are the Poincaré duals of the zero-section and fiber, respectively [5] . On the other hand, the Kähler cone is described by {aE 0 + bC : a, b > 0}, and thus, we see that every Kähler class (up to scaling) can be represented by an admissible Kähler metric as x ranges from 0 to 1.
For admissible metrics g we have the following [3] :
• the scalar curvature is
• the Laplacian of a smooth function p(z)
Construction of metrics with zero Chern scalar curvature in the conformal class. Let g be a Kähler metric, and consider the conformally related metricg := e 2f g for some smooth function f . Then, the Chern scalar curvatures C ofg and the Riemannian scalar curvature s g of g are related by the identity [27] (19) e 2fsC = s g 2 + 2∆ g f. Now, assume that g is an admissible Kähler metric. We are going to consider a special conformal factor e 2f = 1 (z+b) 2 , |b| > 1, so that f = − ln(z + b). This conformal factor is a holomorphy potential, and it was used earlier in the context of the study of conformally Kähler Einstein-Maxwell metrics on admissible ruled surfaces [31] .
From (19) , (17) , and (18) we compute (20) 
To simplify calculations, we assume that F (z) is a quartic polynomial. The boundary conditions (16) (ii)-(iii) imply that F must be of the form
for some constant c. After re-writing (20) as
and plugging (21) into (22), we compare the coefficients of powers of z k , k = 0, 1, 2, 3, and get the following system.
If we regard b as constant, this is a linear system of equations in unknowns x, c, s Σ ,s C , and the system has a unique solutioñ
We observe that
• 0 < x < 1 if and only if b > 1.
• s Σ = 2−2g m < −1, and hence g ≥ 2 and m ≤ 2g − 2.
• F (z) can be factored as
Thus, b > 1 implies that F (z) is positive on (−1, 1), thereby satisfying condition (i) of (16) .
These observations can be summarized as the following proposition.
Proposition 8. Consider the admissible ruled surface M g m with genus g ≥ 2 and degree m ≤ 2g − 2. Let x := m 2−2g , and let b > 1 is the unique number satisfying x = 4b 3b 2 +1 . Then, the admissible Kähler metric (15) corresponding to the parameter x, and F given as in (27) , is conformal to a metric with zero Chern scalar curvature, via the conformal factor 1 (z+b) 2 .
Numerical examples.
With the aid of a computer we obtain further examples of constant-Chern-scalar-curvature metrics on ruled surfaces. For a general smooth function F (z), the ODE in (22)
is an Euler equation, which has the general solution
where a particular solution y p can be found easily using Maple as
C If we impose the boundary conditions (16) (ii) and (iii) on F (z), we obtain a nonlinear system of four equations in unknowns c 1 , c 2 ,s C , s Σ , x, and b. Maple can solve the system algebraically in terms of x and b.
Unfortunately, the solution seems to be too complicated to describe all b and x that lead to a welldefined metric. Nevertheless, fixing the genus g, the degree m, and b, we get some numerical solutions. For these three examples, we can also check the positivity condition (i) of (16) is satisfied, by graphing F (z) on Maple.
We get many such examples by varying the parameters g, m, and b. The metrics are obtained by first considering the admissible Kähler metric associated to F (z) in (28) , and then conformally rescaling this Kähler metric by 1 (z+b) 2 . We would like to remark that the sign of the constant Chern scalar curvature metrics we obtained on ruled surfaces over Σ g of genus g ≥ 2 can be positive, negative, or zero. Also, when g = 1, x is always in (0, 1) whenever b ≥ 2.
We hope that these numerical examples can lead to an interesting theory of such metrics on higher genus ruled surfaces.
Gauduchon critical metrics
On a closed complex (M, J) of real dimension 2n, Gauduchon studied in [26, 27] the critical metrics of the total Chern scalar curvature and the third scalar curvature
in the space of all Hermitian metrics and also in a conformal class.
When restricted to a conformal class with fixed total volume, the critical points of these functionals are Hermitian metrics g such that respectively s C + n 2(n − 1) δ g θ, s + 1 2(n − 1) δ g θ are constant [27] . We remark that these functionals can be extended to the almost-Hermitian setting and then we will have the same Euler-Lagrange equations because the conformal changes of the Chern scalar curvature and the third scalar curvature are the same as in the integrable case [34, Corollary 4.5] First, we would like to construct metrics of the form (2) with s C + n 2(n−1) δ g θ = s C + δ g θ being constant. Let (J, g) be the Hermitian strcuture given by (5) and (2) . Then, we have Proof. Suppose that f = − 7 5 φ φ and h = φ for some positive and decreasing function φ (so f = − 7 5 h h). From (29), we get the equation
where λ is a constant.
We introduce again the function y(φ) defined by φ = − y(φ), then φ = 1 2 y (φ) and φ = 1 2 y (φ)φ (here y (φ), y (φ) are derivatives with respect to φ). Then the equation becomes
Denote by φ(0) = φ 0 > 0 and φ(l) = φ 1 > 0. We need a solution such that y(φ 0 ) = y(φ 1 ) = 0 and y (φ 0 ) = − 10m 7φ0 and y (φ 1 ) = 10m 7φ1 . When m = 1, then using Maple we get that
The constant λ ≈ 13.371 φ 2 0 is then positive. Hence, we obtain a positive and decreasing function φ on the interval (0, l). We can also check using Maple that the function y(φ) is positive on the interval (φ 1 , φ 0 ). The rest of the argument is the same as in the construction of metrics of constant Chern scalar curvature.
The existence of Gauduchon critical metrics in a conformal class.
Let (M, J, g) be a closed almost-Hermitian manifold of real dimension 2n, Suppose thatg = e 2f g then we have the following conformal changes [27, 34] :
where ∆ g is the Riemannian Laplacian with respect to the metric g. Consider the conformal change e 2f = φ 2 n−1 then the equations become:
for some constant λ. As observed by Gauduchon [27] , these are of Yamabe-type equation [45] with the critical exponent. Now, we concentrate on the equation (31) (the following arguments can be also applied to the equation (32)). We consider the functional [45] 
Therefore φ is a critical point of the functional E if and only if it satisfies the
On the other hand,
δgθ vg Definition 12. The fundamental constant C(J, [g]) (see [23, 13, 7] ) of a closed almost-Hermitian manifold (M, J, g) is defined as
where g 0 is the unique Gauduchon metric in [g] with total volume equal to 1 and s C 0 the Chern scalar curvature of (J, g 0 ).
Corollary 13. Suppose that the fundamental constant C(J, [g]) ≤ 0, then there exists a uniqueg ∈ [g] (up to a constant) such thats C + n 2(n−1) δgθ = G(J, [g]).
Proof Remark 14. We know from [1] that if C(J, [g]) ≤ 0, then there exists a metric g ∈ [g] such thats C = C(J, [g]). However, the metricg is not necessarily Gauduchon hences C + n 2(n−1) δgθ of the metricg is not necessarily constant.
When G(J, [g]) > 0, we can also deduce the following from Bahri and Brezis's work [12] (see also [17] ) Proposition 15. [12] Let (M, J, g) be a closed almost-Hermitian of real dimension 2n and suppose that G(J, [g]) > 0. If n = 2 or n = 3, then there exists a metricg ∈ [g] such thats C + n 2(n−1) δgθ = G(J, [g]). If n ≥ 4 and if the homology group H 1 (M, Z 2 ) or H 2 (M, Z 2 ) is non trivial then there exists a solution to the equation (31) .
Proof. To apply Bahri and Brezis's result [12] , we only need to prove that there exists a metricg ∈ [g] such thats C + n 2(n−1) δgθ is everywhere positive and thus the operator ∆g + s C + n 2(n−1) δgθ will be strictly positive. The existence of such metricg ∈ [g] follows from Yamabe's work in the positive case (see [9] and also [11, Theorem p.150] 
